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Introduction

The generalized additive channel was introduced in [1]. It is described
by an additive noise process with sample functions inducing a measure on a
linear topological vector space, and by a constraint which includes
dimensionality. The coding capacity of the matched channel was analyzed in
[1], with an exact value obtained for the Gaussian channel and an upper bound
for a class of nonGaussian channels. Bounds on the coding capacity for the
mismatched Gaussian generalized channel were obtained in [2].

In this paper, the exact coding capacity of the mismatched Gaussian
generalized channel is determined, along with an upper bound for a class of
nonGaussian mismatched channels. The set of admissible constraints is also
greatly increased over that considered in [2]. Although the treatment here is
restricted to noise measures induced on a separable Hilbert space, it can
readily be seen that the results extend immediately to the class of linear
topological vector spaces considered in [1]. The results of the present paper
are partly based on the Hilbert space results on information capacity given in
[3]; for the extension to linear topological vector spaces, one would use the
corresponding results given in [4]. The focus on Hilbert space is useful for
application of the results given here to the discrete-time or continuous-time
additive channel.

The basic path followed here is well-known to information theorists,
appearing in the analysis of much simpler channels. A generalization of
Feinstein’s Fundamental Lemma is used to obtain a lower bound on capacity, and
Fano's inequality is used to obtain an upper bound. However, the generality of
the model requires a development considerably different from that of the
classical treatment; central to these results is the spectral representation

of unbounded self-adjoint operators.
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determining bounds on coding capacity of the continuous-time channel. These
bounds will be given elsewhere.

Moy is defined as the zero-mean Gaussian cylinder set measure on H having
the same covariance operator as My The entropy HGN(N) of My with respect to
HeN is defined as follows. Let Hn be any finite-dimensional subspace of H,
with uﬁ and ”gN the measures induced on Hn by the projection operator

. n _. n .
PH : H A»Hn. Let HGN(N|Hn) be the entropy of My with respect to Mo’

n

HGN(NIHn) = if it is false that u§ << ugN, while otherwise
n
n -
HGN(NlHn) = Jy [log ~ ]dp.N. Define Ho(N) by H (N) =  sup HGN(N[Hn).
n duGN Hn C H,n21

The induced measures ugN and uﬁ are always countably additive for any finite-
dimensional subspace Hn’ while the measure HeN will be countably additive if

and only if RN is trace-class.

Eeeler 3 iR
Since Rw exists and range(R w) Cc range(RN), RN £ RW(I+S)Rw for a self-
adjoint linear operator S, with (I+S)_1 existing and bounded [5]. © is the
smallest limit point of the spectrum of S. A limit point of the spectrum is
either the limit of a sequence of distinct eigenvalues, or an eigenvalue of

infinite multiplicity, or a point of the continuous spectrum [6].

Coding Capacity

Theorem 1: (1) If HCN(N) < ©, then

Cy(P) < % log[l + %]
(2) If Hyy(N) < ® and din(H) < ®, then Cy(P) = O.
p

3) 'IE Hy is Gaussian and dim(H) = ®, then C;(P) =3 log[l + TI§]'

Proof: The complete theorem will first be proved under the assumption that

0 < o,
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Suppose that My is Gaussian, with © < ©. We will show that
C;(P) e log[l + Tgél'

Fix any 6 > O. Since 1 + O is the smallest limit point of the spectrum of
the self-adjoint operator I + S, there exists an infinite o.n. set {Vn, n > 1}
in the range of the projection operator P1+6+6’ where {Pt’ t € R} is the left-
continuous resolution of the identity for I + S such that x € P(I+S) if and

G 2 0,

only if fok dHPAxH { ®, and then (I+S)x = fOAdPAx where the integral exists
as a limit in the strong operator topology [6].

If x is any element in span{vn. n 2 1}, then Ptx = x for t > 1+6+5, since

M M M
then P_ 3 <x,v.0v, = I <x,v.>P.v, = 3
t, i771 i7"t .

<x,vi>vi. Thus, if x is in
i=1 i=1 i=1

span{vl,..,vn}, then

o 2 1+6+6 2 146+ 2 2
fot d<Ptx,x> = IO t d(Ptx,x> = IO t dHPtxH
< (1+600)2 fé+e+x dHPtxH2 < (1+600)2ix12.

This also shows that span{vn, n2l} is contained in P(I+S), and that

I(1+8)xlZ < (1+6+5)2Ux1 for all x in span{v_, nd1}. Similarly,
=2 2
H(I+S)2xI™ < (1+6+6)IxlI“ if x € span{vn, n21}.
L .1.* i
Let U be the unitary operator in H which satisfies R@(I+S)2U = R§ [5].

1 A
For each v_, define u_ = Uv_, so that (I+S)2U*u = (I4S)3v_.
n n n n n

Choose Q in (O,P). For n ) 1, define u? to be the zero-mean Gaussian

n , .
g : Q 2 2
measure with covarian rator —=—— . .
w ovariance operato 13673 i?IRNu1®RNu1 Let

4 i i 4
H = span{Rﬁul....,Rﬁun}. Note that H C range(R%). because Rﬁui =
i .L* i 1 n
R@(I+S)2U Uy, = R;(I+S)2vi; since uX[Hn] = 1, this shows that
n 3 n n, n . .
uX[range(Rw)] = 1. Let Hyry and ux®uY be the joint cylinder set measures
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. n . n .
defined by Hy and My Since Ky gives full measure to Hn’ we can replace My by
the measure uNOP;l, where Pn is the projection operator with range equal to

Hn' Thus the joint measure of interest is concentrated on anHn, and if B1 and

) n o .
B2 are Borel sets in Hn’ then uXY[leB2] = ux®uN{(x,y)- (= x+Pny) € leB2}.

| e n n ) . n n, n
Similarly, uY[Bz] = uX®uN{(x,y)- x+Pny € B2}. Since both Py and uX®uY are
countably additive measures on anHn, the results of [3] can be applied. Set

A
2
F = {x € range(R%): Hwa < nP}.

L
It will now be shown that Wy[Fo] -0 as n - . Note that p2 = p o
T

where is the zero-mean Gaussian measure with covariance operator

n n
1+g+6 b ui®ui, so that x = 3 <x,ui>ui a.e. du n(x). Thus
i=1 i=1 T
1 n[F;] =pu n{x: HR&éngH2 >nP} = p _{x: H(I+S)é—U*xll2 > nP}
5% T i
_1_*1'1 2
=p _{x: I(I+S)?U" 3 <u,,x>u N“ > nP}
™ . i i
i=1

I

n
2

p _{x: (1+6+8) = <u,,x>“ > nP}.

g i=1 '

The random variables {(ui,'>, in} are i.i.d. Gaussian random variables with

respect to u o mean zero and variance Q/[1+6+8]. Applying Chebyshev'’s

T
N .C 2nQ2 n,-..c
inequality, one has uX[Fn] < —— 5 . so that pX[Fn]‘9 O as n - o,
[nP-nQ]

From the proof of Prop. 2 of [7],

n
2 2
—5(x¥) = 3 (a{(x.y) - b{(x.¥)) + % n log(1 + Trap)

duXQpY i=1
where {al,...,an,bl,...,bn} is a family of i.i.d. Gaussian random variables

. n . .
with respect to Py s each having zero mean and variance

[Q/_{ﬂ_]é=[ Q ]é

1+Q/(1+6+6)

1+6+5+Q] - Take v > 0, and define
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-

N = n log[l + T:g:S] - nv,

R
]

n

d
() log —X(x.y) > a),
conly

o
]

n
so that Ag = {(x,y): 3 3 (a? = b?) <{ -n7}. Since the sequence of random
i=1

variables (a? - b?) are independent and have zero mean w.r.t. Hyey s Chebyshev's

2
inequality gives “;Y[Ag] < ; 4n[ Q ] — 0,
n- v

1+6+6+Q
i _Q _ r.NR
Let R < 3 log [1 + 1+e+5] and set kn = [e]. Then,
—a, nR+nv-3n 10g[1+TIgISJ
kne e . By the Thomasian-Kadota gemeralization of

Feinstein’s Fundamental Lemma (see, e.g., [1, p. 165]), there exists a code

(kn,Fn,en) with e, < kne oy “;Y(Ag) + p;(Fﬁ). From above, both uEY(Ag) and
: -a :
u?[Fﬁ] tend to zero as n - ®. Considering kne ™, choose 7 so that

-a

R+ <% log[l + 1+3+5}- Then k e ™ > 0 also.

This shows that any rate less than % log [1 + 11815] is admissible, for

all Q < P and for all 6§ > 0. Hence, the supremum over all admissible rates
must be at least 3 log |1 + SEL, so that oo(P) > 3 logil + Es when is
2 146" GyiP) 22 1+6 N
Gaussian.
Now consider the case of a possibly nonGaussian My+ DOt necessarily
countably additive, with © ¢ ® and HGN(N) { @, Proceeding exactly as in the

proof of this result for the matched channel [1, pp. 167-168], it is found

that any admissible R must satisfy R < limsup %-C%(P). Cg(P) is the informa-
n

tion capacity of the additive Gaussian channel with noise covariance operator
RN, subject to the constraints that support(ux) has linear dimension { n and

fHHxH%duX(x) < nP.
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(P)
It now remains only to verify that 11m C; =3 log[l + Tgé]' To show

n n

this, one can apply Theorem 2 of [3]. If the operator S has no eigenvalues

n nP .1
less than ©, then CE(nP) = 5 [1 + Efiiéj] for all n > 1, so 1;m H.cﬁ(np)
. P
exists and equals % log[l + T_E]

If the operator S has a finite set of eigenvalues less than 0, Al < A2 <

. £ < 0, then EKR. + nP > KO for sufficiently large n, so that applyin
11 =

Theorem 2(c) of [3],

=

g 2?:1()‘1‘9)]

1 1+6
CW(nP) == 3 log[ ] + 3 log[l +
n 2n i=1 1+)\i n(1+0)

and this again converges to the limit X log[l + Tgé]

Finally, suppose that S has an infinite sequence of eigenvalues (An)

strictly less than 6. Since 6 is the smallest limit point of the spectrum,

K
AnTG. This means that for any fixed P, KP + 3 Ai > KA, for all sufficiently

i=1 £
large K. To see this, one notes that for any A > 0, there exists MO such that

o - Ai <A fori>M,. Thus, for K> M

0 0’
K MO MO
KAK —.E Ai < .E (AK—Ai) + (K—MO)A < _E (G—Ai) + (K—MO)A
i=1 i=1 i=1
so that
1 e 1 MO
g [KAK —iflki] < R-[ifl(e—ki) + (K-MO)A],

with the right side converging to A as K - ©. Thus, choosing A < P,

K
KP + 2 Ai > KKK for K sufficiently large. One can thus apply part (c) of
i=1

Theorem 2 of [3], giving

JMVA - 11/12/87 - 8
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~f

n nP + 29_ (N\.-9)
C%(nP) = £ log[1+e ] + g-log[l + =t ].

SR S n(1+6)
n n
Since log }Ig - 0, %-E log[i:g ] - 0. Similarly, % > (k -0) - 0.
n i=1 n i=1

. .1 P .
Thus, one again has I;m H-CE(nP) =3 log[l + TI@]; part (1) is proved, and

this also completes the proof of part (3).

If dim range(RN) = M < @, then in the immediately preceding result one

has for n sufficiently large,

M M + nP + EM_IB
C;(nP) =353 log[ = ]
i=1 M(1+Bi)
where Bl < 52 < ... & BM are the eigenvalues of S. In this case,

lim %-C;(P) = 0, so that R > O is not permissible.
n

The theorem is now proved when © < ®, If 6 = ®, then obviously
CW(P) > log[l + T§§] = 0. Part (2) of the theorem can be ignored, since
O = ® cannot occur unless range(RN) is infinite-dimensional. Thus, it only

remains to prove part (1), and this is equivalent to showing that

lim %-CE(nP) = O when © = @. If there exists an integer M such that
n

n
A >P + %-E A, for all n > M, then

n+l i=1
1
LG A B N
1 1 M 7i=1""1
lim I-I—CI‘;(P) = lim 5 .E log[ e ] = 0.
n n Jj=1 J

Suppose that there exists a subsequence (nk) of the integers such that

sk

for all k 2 1, A - A < P. This gives

1
mtlomy

JMVA - 11/12/87 - 9



5 P—[xnkﬂ—;—k gk;\j]+1+>\+1
lin & Ch(nP) = lim 50— 3° log i=1 ()
n ¢ k “"k i=1 1+
M P+1+)\+1 P+1+?\n+1
— 1 oy .y LT K
§11m% 2 log T T +11m% 3" log T
k k i=1 i k k i=M+1 i
. . , 1 ;'k .
for any fixed integer M. Now, since — A +1—)\i < P, and since
i=1 nk
A
A, +1
1 1+71\ -1 as k - ®, we must have that i sk 1:1; is bounded,so that
P iz i M i=1 i
?\nk+1
o 4 C0 for some CO < ®and all k > 1. The first term on RHS(~) above is
then
—_ P+ 1+ C
< lim 2M log[ T+ % Onk] = 0.
k “"k 1
We now have, for any M > 1,
P+1+ A
~ . —_— +1
1im%q’;(np) < Tim 5 3 log 1+7\nk
n k "k i=M+1 i
P+ A - A,
Tl o metle 1
$ lim 52 1+ A
k Tk oi=M+1 i
A - A,
— 1 By (Mt i P
$limsr 30 190 * S )
k "k i=M+1 M+1 M+1
P
<
1+ 7\M+1

. . . oy B © _
Since M is arbitrary and )\n - o, 1r11m - (%(nP) = 0, and thus Cw(P) = O when

0 = o,
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Bounds on Coding Capacity of the Discrete-Time Gaussian Channel

We now consider the following situation. A zero-mean Gaussian stochastic
process {Nt, t = 1,2,...} is represented by a bounded, non-negative, self-
adjoint operator RN in 82; RN is an infinite matrix with RN(i,j) = ENiNj' The

constraint is given in terms of a second such operator RW in 82. The basic

assumption to be made is that range(RE) contains range(R%).

A simple example of such a channel and constraint is the memoryless
Gaussian channel with Rw = I (leading to an average power constraint) and RN
given by RN(i,j) = a?éij, with a? 2 e for all j > 1, some ¢ > O.

In the discrete-time channel, a code (k,n,e) is a set of k code words
Xl"”Xk and corresponding decoding sets Cl""ck’ satisfying the constraints

given below, with the requirement that each X, belong to R". The decoding sets

. n .
are thus Borel sets in R . The constraints on the code words are that

.
2 < nP, where llel2 = IR 2 X”2; ll«ll_ is the n-dimensional Fuclidean
W.n W.n W.n' n n

lix. 1l
i
norm, and Rw o 1s the restriction of Rw to {1,2,...n}x{1,2,..,n}. As before,
we requ?re that uﬁ{y: y+xi ? Ci} 21 -¢e for i ¢ k, where u§ is the measure on
n- . ) . o
B[R ] induced from My by the map 9. X (xl,x2,..,xn). R 2 0 is an admissible
n.R

rate if there exists a sequence of codes (([e b

1.n,

,E_ }) with e -0 as
1°“ny n

i i

n, - ®. The capacity C%(P) is the supremum over the set of admissible rates.
An exact expression for the coding capacity of the discrete-time Gaussian
channel is given in [8]. In some applications, the value of the coding
capacity will be difficult to determine, as it involves rather detailed
knowledge of the spectrum of the operator S, defined above. In such cases it
is useful to have bounds on coding capacity. For example, a lower bound
enables one to strive toward communicating at a rate that is certain to be

admissible. We give here upper and lower bounds on coding capacity.

JMVA - 11/12/87 - 11



Theorem 2: Suppose that N is Gaussian. Let 61 be the smallest and GK the

largest limit point of the spectrum of the operator S. Then

1og[1 + (1+6 )] CW(P) a5 log[l + TigéIT].

If N is not Gaussian, and HGN(N) < @, then

Co(P) < % log[l + ?T§517}'

Proof: The upper bound can be obtained from part (1) of Theorem 1. That is, we
can identify R” with Hn’ the subspace of 22 consisting of all elements x such
that (x)i = 0 for 1 > n. The constraint that any admissible code word belong

to Hn thus imposes an additional constraint beyond those imposed in proving

the theorem; this gives (P < % logll + A ]
(1+91)

To prove the lower bound, we can of course assume that GK { @, We then

simply mimic the proof of part (3) of Theorem 1, but now defining u§ to be the

Gaussian measure with zero mean and covariance matrix
\

MIal
n _ Q *n é n
Ry = Tro.45 > RRu;BRFY;
K i=1

where the {u?, igMg} are determined as follows. {Vi‘ i( Mg} are o.n. elements

4
in R" such that H(I +S )zv.ll2 <1+ GK + 6; such elements always exist [8].
{u?, 1<M } are then defined by u? = Unvi’ where Un is the unitary operator in
1 L
T 9 . 2 2 *
R" satisfying RN,n (I +S ) o o

JMVA - 11/12/87 - 12
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